AP CALCULUS PROBLEM SET # 10
INTEGRATIONII RATES AND MODELLING

(2013-1)

1. On a certain workday, the rate, in tons per hour, at which unprocessed gravel arrives at a gravel processing
2

plant is modeled by G(¢)=90+45cos i—sJ , where ¢t is measured in hours and 0<7<8.

At the beginning of the workday (z = 0), the plant has 500 tons of unprocessed gravel. During the hours of
operation, 0 <t <8, the plant processes gravel at a constant rate of 100 tons per hour.

(a) Find G '(5). Using correct units, interpret your answer in the context of the problem.

(b) Find the total amount of unprocessed gravel that arrives at the plant during the hours of operation on this
workday.

(c) Is the amount of unprocessed gravel at the plant increasing or decreasing at time ¢ =5 hours? Show the
work that leads to your answer.

(d) What is the maximum amount of unprocessed gravel at the plant during the hours of operation on this
workday? Justify your answer.

(2002-2)
2. The rate at which people enter an amusement park on a given day is modeled by the function E defined by

15600

B = (t* =24t +160)

The rate at which people leave the same amusement park on the same day is modeled by the function L

9890

defined b Lin=—_29
Hnea Dy ® (1> =381 +370)

Both E(t) and L(f) are measured in people per hour and time ¢ is measured in hours after midnight. These
functions are valid for 9 <t <23, the hours during which the park is open. Attime ¢ = 9, there are no
people in the park.

(a) How many people have entered the park by 5:00 P.M. ( = 17)? Round your answer to the nearest whole
number.

(b) The price of admission to the park is $15 until 5:00 P.M. (z = 17). After 5:00 P.M., the price of admission
to the park is $11. How many dollars are collected from admissions to the park on the given day? Round
your answer to the nearest whole number.

t
(¢) Let H(?) = J.(E(x) —L(x))dx for 9<t<23. The value of H(17) to the nearest whole number is 3725.
9

Find the value of H '(17), and explain the meaning of H(17) and H '(17), in the context of the
amusement park.

(d) At what time 7, for 9 <t <23, does the model predict that the number of people in the park is a

maximum?
(99-3)
3. The rate at which water flows out of a pipe, in gallons per hour, is given by a ¢ R (t )
differentiable function R of time . The table shows the rate as measured every (hours) | (gallons
3 hours for a 24-hour period. per hour)
0 9.6
(a) Use a midpoint Riemann sum with 4 subdivisions of equal length to approximate 3 10.4
24
j R(t)dt. Using correct units, explain the meaning of your answer in terms of g i(l)g
0 .
water flow. 12 11.4
15 11.3
(b) Is there some time ¢, 0 < t < 24, such that R '(f) =0 ? Justify your answer. 18 10.7
(c) The rate of water flow R(f) can be approximated by Q(¢) = % (768 + 231 —12). 3411 ;06'2

Use Q(r) to approximate the average rate of water flow during the 24-hour time
period. Indicate units of measure.



(2004-1)
4. Traffic flow is defined as the rate at which cars pass through an intersection, measured in cars per minute.
The traffic flow at a particular intersection is modeled by the function F defined by

F(t)=82 +4sin(éj for 0< 1< 30,
where F(#) is measured in cars per minute and ¢ is measured in minutes.

(a) To the nearest whole number, how many cars pass through the intersection over the 30-minute period?
(b) Is the traffic flow increasing or decreasing at t =7 ? Give a reason for your answer.
(¢) What is the average value of traffic flow over the time interval 10<7 <15 ? Indicate units of measure.

(d) What is the average rate of change of the traffic flow over the time interval 10<7 <15 ? Indicate units
of measure.

(2005-2)
5. The tide removes sand from Sandy Point Beach at a rate modelled by the function R, given by

R() =2 +5sin (4—’”) .
25
A pumping station adds sand to the beach at a rate modelled by the function S, given by

15¢
S@) =
® 1+3¢
Both R(¢) and S(¢) have units of cubic yards per hour and ¢ is measured in hours for 0<7<6. At time

t =0, the beach contains 2500 cubic yards of sand.

(a) How much sand will the tide remove from the beach during this 6-hour period?
(b) Write an expression for Y(¢), the total number of cubic yards of sand on the beach at time .
(c) Find the rate at which the total amount of sand on the beach is changing at ¢ =4.

(d) For 0<t <6, at what time is the sand on the beach a minimum? What is the minimum value? Justify
your answers.

(2007-2)
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The amount of water in a storage , in gallons, is modelled by a continuous function on the time interval
0<t<7, where ¢ is measured in hours. In this model, rates are given as follows:

i) The rate at which water enters the tank is f(7 ) =100z sin (\/; ) gallons per hour for 0<7<7.

.. . ) 250 for0<t<3
ii) The rate at which water leaves the tank is g(t)= gallons per hour.
2000 for3<r<7

The graphs of f and g, which intersectat t =1.617 and ¢ =15.076, are shown in the figure above. At time
t =0, the amount of water in the tank is 5000 gallons.

(a) How many gallons of water enter the tank during the time interval 0<¢ <7 ?

(b) For 0<% <7, find the time intervals during which the amount of water in the tank is decreasing. Give a
reason for each answer.

(¢) For 0<¢<7, at what time is the amount of water in the tank the greatest? To the nearest gallon, compute
the amount of water at this time. Justify your answer.



OPTIONAL

(2010-1)

7. There is no snow on Janet’s driveway when snow begins to fall at midnight. From midnight to 9 A.M.,
snow accumulates on the driveway at a rate modeled by f(¢) = 7te°**" cubic feet per hour, where ¢ is
measured in hours since midnight. Janet starts removing snow at 6 A.M. (r = 6). The rate g(¢), in cubic feet
per hour, at which Janet removes snow from the driveway at time ¢ hours after midnight is modeled by

0 for0O<t<6
g(t)= 125 for6<t <7
108 for 7 <t <9.

(a) How many cubic feet of snow have accumulated on the driveway by 6 A.M.?
(b) Find the rate of change of the volume of snow on the driveway at § A.M.

(c) Let h(r) represent the total amount of snow, in cubic feet, that Janet has removed from the driveway at time
t hours after midnight. Express /4 as a piecewise-defined function with domain 0<7<9.

(d) How many cubic feet of snow are on the driveway at 9 A.M.?

(98-5) y
8. The temperature outside a house during a 24-hour period is given by F(¢) =80 —10cos (n—j , 0sr<24
where F(#) is measured in degrees Fahrenheit and ¢ is measured in hours. 12

(a) Sketch the graph of F.
(b) Find the average temperature, to the nearest degree Fahrenheit, between =6 and ¢ =14.

(c) An air conditioner cooled the house whenever the outside temperature was at or above 78 degrees
Fahrenheit. For what values of ¢ was the air conditioner cooling the house?

(d) The cost of cooling the house accumulates at the rate of $0.05 per hour for each degree the outside
temperature exceeds 78 degrees Fahrenheit. What was the total cost, to the nearest cent, to cool the house
for this 24-hour period?

(2008-3)
9. Oil is leaking from a pipeline on the surface of a lake and forms an oil slick whose volume increases at a
constant rate of 2000 cubic centimetres per minute. The oil slick takes the form of a right circular cylinder
with both its radius and height changing with time. (Note: The volume V of a right circular cylinder with

radius 7 and height & is given by V =zr’h.)

(a) At the instant when the radius of the oil slick is 100 centimetres and the height is 0.5 centimetre, the
radius is increasing at the rate of 2.5 centimetres per minute. At this instant, what is the rate of change of
the height of the oil slick with respect to time, in centimetres per minute?

(b) A recovery device arrives on the scene and begins removing oil. The rate at which oil is removed is
R(t) = 400\/; cubic centimetres per minute, where ¢ is the time in minutes since the device began

working. Oil continues to leak at the rate of 2000 cubic centimetres per minute. Find the time ¢ when
the oil slick reaches its maximum volume. Justify your answer.

(c) By the time the recovery device began removing oil, 60 000 cubic centimetres of oil had already leaked.
Write, but do not evaluate, an expression involving an integral that gives the volume of oil at the time
found in part (b).

(2000-4)
10. Water is pumped into an underground tank at a constant rate of 8 gallons per minute. Water leaks out of

the tank at the rate of V¢ +1 gallons per minute, for 0 <7 <120 minutes. At time ¢ = 0, the tank contains 30
gallons of water.

(a) How many gallons of water leak out of the tank from time #=0to ¢ = 3 minutes?
(b) How many gallons of water are in the tank at time 7= 3 minutes?
(c) Write an expression for A(¢), the total number of gallons of water in the tank at time 7.

(d) Atwhattime ¢, for 0<¢ <120, is the amount of water in the tank a maximum? Justify your answer.
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There are 700 people in line for a popular amusement-park ride when the ride begins operation in the morning.
Once it begins operation, the ride accepts passengers until the park closes 8 hours later. While there is a line,
people move onto the ride at a rate of 800 people per hour. The graph above shows the rate, r(¢), at which
people arrive at the ride throughout the day. Time ¢ is measured in hours from the time the ride begins
operation.

(a) How many people arrive at the ride between =0 and ¢ =3 ? Show the computations that lead to your
answer.

(b) Is the number of people waiting in line to get on the ride increasing or decreasing between ¢ =2 and
t =3? Justify your answer.

(c) At what time is the line for the ride the longest? How many people are in line at that time? Justify your
answers.

(d) Write but do not solve, an equation involving an integral expression of r whose solution gives the earliest
time ¢ at which there is no longer a line for the ride.



